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Tensionsses present in fusion pore during secretion the stationary convective ﬂux of lipid
through a fusion pore connecting two planar membranes under different tensions was investigated through
computer simulations. The physics of the problem is described by Navier–Stokes equations, and the
convective ﬂux of lipid was evaluated using ﬁnite element method. Each of the membrane monolayer is
considered separately as an isotropic, homogeneous and incompressible viscous medium with the same
viscosity. The difference in membrane tensions, which is simulated as the pressure difference at two ends of
each monolayer, is the driving force of the lipid ﬂow. The two monolayers interact by sliding past each other
with inter-monolayer frictional viscosity. Fluid velocity, pressure, shear and normal stresses, viscous and
frictional dissipations and forces were calculated to evaluate where the fusion pore will deform, extend (or
compress) and dilate. The pressure changes little in the planar sections, whereas in the toroidal section the
change is rapid. The magnitude of lipid velocity peaks at the pore neck. The radial lipid velocity is zero at the
neck, has two peaks one on each side of the pore neck, and diminishes without going to zero in planar parts
of two monolayers. The peaks are of opposite signs due to the change of direction of lipid ﬂow. The axial
velocity is conﬁned to the toroidal section, peaks at the neck and is clearly greater in the outer monolayer. As
a result of the spatially highly uneven lipid ﬂow the membrane is under a signiﬁcant stress, shear and
normal. The shear stress, which indicates where the membrane will deform without changing the volume,
has two peaks placed symmetrically about the neck. The normal stress shows where the membrane may
extend or compress. Both, the radial and axial normal stresses are negative (extensive) in the upper toroidal
section and positive (compressive) in the lower toroidal section. The pressure difference determines lipid
velocity and velocity dependent variables (shear as well as normal axial and radial stresses), but also
contributes directly to the force on the membranes and critically inﬂuences where and to what extent the
membrane will deform, extend or dilate. The viscosity coefﬁcient (due to friction of one element of lipid
against neighboring ones), and frictional coefﬁcient (due to friction between two monolayers sliding past
each other) further modulate some variables. Lipid velocity rises as pressure difference increases, diminishes
as the viscosity coefﬁcient rises but is unaffected by the frictional coefﬁcient. The shear and normal stresses
rise as pressure difference increases, but the change of the viscosity coefﬁcients has no effect. Both the
viscous dissipation (which has two peaks placed symmetrically about the neck) and much smaller frictional
dissipation (which peaks at the pore neck) rise with pressure and diminish if the viscosity coefﬁcient rises,
but only the frictional dissipation increases if the frictional coefﬁcient increases. Finally, the radial force
causing pore dilatation, and which is signiﬁcant only in the planar section of the vesicular membrane, is
governed almost entirely by the pressure, whereas the viscosity and frictional coefﬁcients have only a
marginal effect. Many variables are altered during pore dilatation. The lipid velocity and dissipations (viscous
and frictional) rise approximately linearly with pore radius, whereas the lipid mass ﬂow increases supra-
linearly owing to the combined effects of the changes in pore radius and greater lipid velocity. Interestingly
the radial force on the vesicular membrane increases only marginally.
© 2009 Elsevier B.V. All rights reserved.1. IntroductionIn the exocytosis of hormones, transmitters or peptides the fusion
pore, which forms by mixing two biological membranes previously
separated, links the vesicular interior with the extracellular ﬂuid1 514 398 7452.
lavinović).
ll rights reserved.providing a conduit for the secretion of the vesicular content [1].
Dynamics of opening and closing of the fusion pore can be an
important factor in regulating the amount and the time course of
release of vesicular content and thus in determining the quantal size
[2,3]. However, there are many unanswered questions about what
controls fusion pore dynamics. Although the electrical recordings of
the fusion pores and ion channels are similar [4], it is still controversial
whether their composition is also similar [5–9]. Whereas the ion
Fig. 1. Schematic diagram of a fusion pore connecting two planar membranes at
different tensions. Cross-sectional view of the pore in z, r coordinates. The membrane–
solution interfaces are indicated as bold solid lines. The dotted line depicts the interface
between monolayers. The radius R indicates the distance from the pore center to where
the pore toroidal section and planar membranes meet, whereas rp is the radius of the
narrowest portion of the fusion pore lumen. Rd denotes the far ends of the planar
membrane, h indicates the thickness of a monolayer, whereas L is the half-distance
between the vesicular and planar surfaces where two monolayers slide past each other.
(A) Side view. (B) Top view of the model in r–θ plane.
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suggest that the fusion pore may be a lipoprotein structure
incorporating soluble N-ethylmaleimide-sensitive factor attachment
protein receptors (SNAREs) [10,11]. The fusion pore is thus envisioned
as a lipoprotein, with lipid moving between membranes soon
following the pore formation and increasing as the pore grows.
The exocytotic granule membranes are under signiﬁcantly greater
tension than plasmamembranes [12,13], and this difference in tension
drives the lipid movement [14] and may induce forces critically
inﬂuencing the pore dynamics. The difference in tension is opposed by
the dissipative forces due to the shear viscosity and by the inter-
monolayer friction (which arises from viscous friction between
monolayers as they slip past each other and is described with a
friction coefﬁcient). The inter-monolayer friction and shear, which
determine the membrane ﬂow, appear themselves to be controlled by
the proportion of lipids and sterols in the membrane of living cells
[15]. Whereas the friction between a monolayer and the bathing
aqueous solution is negligibly small, the inter-monolayer friction can
be substantial. The inter-monolayer friction coefﬁcients can be
calculated from measurements or simulations of membranes under-
going parallel shear, which forces the two membrane leaﬂets to slide
past one another. The friction coefﬁcient is calculated as the ratio
between the friction force per unit area and the slip velocity.
Alternatively, the friction coefﬁcient can be estimated from analyzing
the relaxation rates of thermal membrane undulations using the
Seifert–Langer theory [16]. Both approaches give similar results.
Energy dissipation due to shear deformations results from lipid–
lipid and lipid–protein interactions within each monolayer, and is
characterized by a shear viscosity coefﬁcient deﬁned as the propor-
tionality constant between the applied shear rate and the correspond-
ing shear force acting on the bilayer per unit length [17]. The
experimental estimates of the surface shear viscosities of membranes
are based on a theory relating the surface shear viscosity to the
translational diffusion coefﬁcient of a tracer particle conﬁned to a
membrane (analogous of the Stokes–Einstein relation; [18]). These
shear viscosity measurements use labeled membrane-bound proteins
as the diffusing tracer particle [19,20], latex spheres [21–23] and
phase-separated lipid domains [24].
Previous theoretical studies provided important insights into the
mechanism of generation of lipid ﬂow and viscous and frictional
dissipation induced by the tension difference between the vesicular
and plasma membranes [5–8,14]. However, further progress, which is
needed to evaluate how the dynamics of the fusion pore–planar
membrane complex is controlled by the tension difference and how
the pore may dilate, deform or extend, requires a numerical
evaluation. The stationary convective ﬂux of lipids resulting from
the tension difference between the vesicular and plasma membranes
was simulated using ﬁnite element method, and the lipid velocity,
pressure, shear stress and normal stresses in the membrane and
ﬁnally the forces acting on the fusion pore–planarmembrane complex
were calculated. Finite element method is needed whenever the
geometry of the system and boundary conditions are not very simple
(i.e. when the methods based on highly idealized geometries and
mechanical properties are not suitable). It has been used successfully
for analysis of molecular motors [25], for evaluation of mechano-
sensitive channel gating [26], and for transport of water, ions and
glutamate in charged nanosize slit pores [27] or cylindrical pores [28].
2. Methods
2.1. Geometry
The computational domain consisting of the plasma and vesicular
membranes and the fusion pore has a cylindrical geometry (Fig. 1; A—
Side view of the schematic diagram of the system in r–z plane; B— Top
view of the model in r–θ plane). R — the radius where the toroidalpore and planar membranes meet ranges from 11.0 to 18.0 nm; rp —
the radius of the narrowest portion of the fusion pore lumen ranges
from 1.0 nm to 8.0 nm; h— the thickness of the monolayer is 3.0 nm; L
— the separation between the membrane mid-lines of the parallel
sections is 7.0 nm, and is determined by the choice of the thickness of
the monolayers and by their separation, and determines the curvature
radius of the stalk in the r/z plane. The monolayer thickness is
unlikely to change during secretion. Although the separation between
monolayers may change during secretion [29], in this study we
assumed that it is constant. The length of each planar membrane
section was 88 nm. The bold solid lines illustrate membrane-solution
interfaces. The thin solid lines depict the interfaces between
monolayers.
2.2. Governing equations, parameters, and boundary conditions
We consider each monolayer as a homogeneous, isotropic
incompressible ﬂuid, thus without making a distinction between
the hydrophobic tail regions and the polar heads. The unsteady
Navier–Stokes equation, in the absence of external forces, describes
the ﬂuid behaviour in the planar and toroidal parts of the fusion pore
as follows [30]:
ρ
Au
At
+u:ju
 
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j:u=0 ð2Þ
Fig. 2. Hemisection of the computational domain with boundaries. No-penetration
boundary condition is applied on the membrane–solution interfaces enclosing the
parallel planar membranes (boundaries 1–6). At the far ends of the system (boundaries
7–10) constant pressure is applied, but their values are not ﬁxed and are determined by
the simulations. Instead a chosen pressure difference between two ends of each
monolayer (7 and 10 — the outer monolayer, and between ends 8 and 9 — the inner
monolayer) is applied. The pressure difference is the same for both monolayers, but
changes from one simulation to another. The toroidal section of the fusion pore is
enclosed by two boundaries (boundaries 11 and 13) with no-penetration boundary
condition. On boundaries 2, 5 and 12, there is a friction between two monolayers
(see text).
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accounts for the conservation of mass. ρ, μ, and p are the ﬂuid density,
viscosity and pressure, respectively, and the vector u denotes the ﬂuid
velocity. These equations are applied to both the outer and inner
monolayer. The ﬂuid density ρ=915 kg/m3, and viscosity μ=5⁎10
−2 Pa s (or as speciﬁed), whereas the friction coefﬁcient at the interface
of two monolayers is μf=5.0⁎108 Pas/m (or as speciﬁed).
The computational domain contains thirteen boundaries (Fig. 2).
On boundaries 1–6 enclosing the parallel planar membranes, we
apply no-penetration boundary condition. Boundaries 7–10 are the
far ends of the system with constant pressure, but their values are
such to ensure a chosen pressure difference between two ends of
each monolayer [7 and 10 — the outer monolayer, and between
ends 8 and 9 — the inner monolayer), which may change from one
simulation to another (see Results). Boundaries 11–13 enclose the
toroidal portion of the fusion pore model with no-penetration
boundary conditions. On boundaries 2, 5 and 12, there is a friction
between two monolayers.
3. Results
3.1. Spatial distribution of lipid velocity
The evaluation of lipid velocity in each of the monolayer is
essential for the understanding of the viscotic stress, viscous and
frictional dissipation and forces acting on the monolayers. The
magnitude of lipid velocity peaks in the pore neck, but the peak
value in the outer monolayer is signiﬁcantly greater than in the inner
monolayer (Fig. 3A–C). The axial velocity is: a) always positive, b)
peaks at the neck for both monolayers, c) clearly greater for the outer
monolayer, and d) zero in the planar section for both monolayers (Fig.
3D). In contrast the radial lipid velocity has two peaks, one on each
side of the pore neck, which are of opposite signs due to the change of
direction of the radial velocity. Moreover, the radial velocities in two
monolayers, though not identical are similar in value. Both diminish
without going to zero in planar parts of two monolayers, as do the
velocity magnitudes, which are almost identical to the radial velocities
(the axial velocities are zero). The pressure difference at the ends of
individual monolayers strongly affects the lipid velocity (Fig. 3E),
which increases linearly with the rise of the pressure difference (Fig.
3H). The lipid velocity is however insensitive to changes of the friction
coefﬁcient even when they are very large (Fig. 3G, H). However, the
velocity depends on the viscosity coefﬁcient, and the relationship is
inverse (Fig. 3F and H).3.2. Spatial distribution of shear and normal stresses
Spatially uneven lipid velocity proﬁles indicate that both the shear
and normal stress should also be spatially uneven. Fig. 4A depicts how
the shear stress changes along the arc going through the middle of the
inner and outer monolayers. Indeed, the shear stress changes largely
in the toroidal region, and is greater in the outer monolayer. The peaks
are placed symmetrically from the central point at the pore neck,
which is positioned parallel to the axis of symmetry, and where the
shear stress is zero (see Discussion). Further along the arc the shear
stress rapidly diminishes to the zero level in the planar membrane
sections. The pressure difference at the ends of individual monolayers
affects the amplitude of the shear stress, although its spatial
distribution remains the same (Fig. 4B and E). In contrast neither
the amplitude nor the spatial distribution of the shear stress is altered
by the changes of viscosity or friction coefﬁcients (Fig. 4C–E).
The axial normal stress is zero in the planar membrane sections,
changes very rapidly in the toroidal section, and is greater in the outer
than in the innermonolayer (Fig. 5A). Whereas the axial normal stress
is positive (compressive) in the lower part of the toroidal section it is
negative (extensive) in the upper part. The peak axial normal stress
rises linearly with a rise of the pressure difference at the ends of
individual monolayers, although its spatial distribution remains the
same (Fig. 5B and E). Neither the amplitude nor the spatial
distribution of the axial normal stress is altered by the changes of
viscosity or friction coefﬁcients (Fig. 5C–E).
The spatial distribution of the radial normal stress is similar to that
of the axial normal stress, but is less conﬁned to the toroidal section
(Fig. 6A). Like the axial normal stress, the radial normal stress is
positive (compressive) in the lower part of the toroidal section but
negative (extensive) in the upper part of the toroidal section.
However, the differences between the radial normal stress in the
inner and outer monolayer are minimal. The peak radial normal stress
also rises linearly with a rise of the pressure difference at the ends of
individual monolayers, although its spatial distribution remains the
same (Fig. 6B and E). In addition, neither the amplitude nor the spatial
distribution of the axial normal stress is altered by the changes of
viscosity or friction coefﬁcients (Fig. 6C–E).
3.3. Spatial distribution of pressure
The pressure difference at two ends of each monolayer is the
driving force of lipid ﬂow, but what is its spatial proﬁle in the fusion
pore–membrane complex? Fig. 7A, B gives the tri-dimensional
pressure proﬁles, whereas Fig. 7C depicts the pressure distribution
along the arc running through the middle of the inner and outer
monolayer. The pressure changes little in the planar sections, whereas
in the toroidal section it changes rapidly, from near a zero level in the
lower planar section (‘plasma membrane’) to the negative, but a high
value level in the upper planar section (‘vesicular membrane’). The
pressure in the vesicular membrane changes when the pressure
difference at two ends of each monolayer changes, but the shape of
the spatial distribution remains largely the same. The pressure
however, is generally lower, though not greatly in the inner
monolayer. Finally the pressure distributions remain the same if the
viscosity or friction coefﬁcients are altered (Fig. 7D, E), but if the
radius of the fusion pore changes from 2 to 4 nm the pressure
distribution is altered (Fig. 7F).
3.4. Distribution of viscous and frictional dissipation
The viscous and frictional dissipations oppose the pressure
difference, and to evaluate their importance it is essential to
determine not only the shape of their distributions, but the amplitude
as well. Fig. 8G shows how the distributions of the viscous dissipation
per unit volume, and the viscous dissipation change along the arc
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distributions display two peaks, each on one of the sides of the valley
whose minimum is located at the neck of the pore. Owing to the
geometrical factors the viscous distribution extends, though onlymodestly into the planar sections (see Discussion). Moreover, both
viscous dissipation and viscous dissipation per unit volume are greater
in the outer monolayer. They rise supra-linearly (without changing
their shape) as the pressure difference at the ends of individual
Fig. 4. (A) Shear stress along the arc of the inner and outer monolayers is near zero at the neck, displays two peaks on each side of the neck, but is zero in the planar section for both
monolayers. The shear stress is greater in outer monolayer. (B–D) The pressure difference at the ends of each monolayer affects the shear stress signiﬁcantly, whereas the viscosity
and friction coefﬁcients alter it only marginally. (E) The relationship between the peak toroidal shear stress and the ratio of different parameters. The ratio of one indicates the
simulationwith the pressure difference at the ends of monolayers of 333 kPa, viscosity coefﬁcient of 5⁎10−2 Pa s, and friction coefﬁcient of 5.0⁎108 Pas/m. All plots (except A) depict
the shear stress from the outer monolayer.
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the viscosity coefﬁcient rises (Fig. 8C, D and H). If the friction
coefﬁcient changes they are not altered signiﬁcantly (Fig. 8E–F and H).
Fig. 9A, B shows the distribution of the frictional dissipation per
unit area and of the corresponding frictional dissipation and how they
depend on the pressure difference at the ends of individualFig. 3. (A–B) Three-dimensional depiction of the magnitude of the lipid velocity (all dimens
Magnitude of the lipid velocity along the arc length in the middle of the inner and the outer
signiﬁcantly greater than in the inner monolayer. (D) In both monolayers the radial lipid velo
the radial velocities in two monolayers are similar in value and diminish without going to
velocity is always positive, peaks at the neck for bothmonolayers, and is clearly greater for the
velocity magnitude increases as the pressure difference at the ends of eachmonolayer rises, b
by the change of the friction coefﬁcient. (H) The relationship between the maximal toroidal
simulationwith the pressure difference at the ends of monolayers of 333 kPa, viscosity coefﬁc
velocities from the outer monolayer.monolayers. Both distributions have one prominent and narrow
peak at the neck of the fusion pore due to the fact that the difference of
the lipid velocity at two sides from the surface where two monolayers
slide past each other is typically greatest at the neck, becoming zero
short distance from the neck (Fig. 9G). Both distributions rise without
changing their shape as the pressure difference at the ends ofions are given in meters and velocity in meter/second; A — front view; B top view). (C)
monolayers is maximal at the pore neck, and the peak value in the outer monolayer is
city has two peaks but of the opposite signs, one on each side of the pore neck. Note that
zero in planar sections of two monolayers. In contrast in the toroidal section the axial
outermonolayer, whereas in the planar section it is zero for bothmonolayers. (E, F) The
ut diminishes as the viscosity coefﬁcient rises. (G) The velocity magnitude is unaffected
velocity magnitude and the ratio of different parameters. The ratio of one indicates the
ient of 5⁎10−2 Pa s, and friction coefﬁcient of 5.0⁎108 Pas/m. All plots (except C) depict
Fig. 5. (A) Axial normal stress peaks in the toroidal section on both sides of the pore neck, but is positive (compressive) in the lower part of the toroidal section and negative
(extensive) in the upper part, whereas in the planar section it is zero for bothmonolayers. The axial normal stresses of twomonolayers differ, being greater (more compressive in the
lower part, and more extensive in the upper part) in the outer monolayer. (B–D) The pressure difference at the ends of each monolayer affects the axial stress signiﬁcantly, whereas
the viscosity and friction coefﬁcients alter it only marginally. (E) The relationship between the maximal toroidal axial stress and the ratio of different parameters. The ratio of one
indicates the simulation with the pressure difference at the ends of monolayers of 333 kPa, viscosity coefﬁcient of 5⁎10−2 Pa s, and friction coefﬁcient of 5.0⁎108 Pas/m. All plots
(except A) depict the axial normal stress from the outer monolayer.
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frictional dissipation is supra-linear (Fig. 9H). They diminish if the
viscosity coefﬁcient rises (Fig. 9C, D and H). If the friction coefﬁcient
rises, the frictional dissipation rises linearly (Fig. 9E, F and H).
Nevertheless, note that a tenfold rise of the friction coefﬁcient is
associated with a smaller (6.9 times) rise of the frictional dissipation.
Finally, the frictional dissipation is much smaller than viscous
dissipation.
3.5. Radial and axial force distributions
The force acting on the fusion pore–membrane complex is a result
of the ‘external’ force (pressure difference) and the ‘internal’ forceopposing it due to the viscous dissipation (see Appendix). Fig. 10A, B
depicts the distributions of the radial force per unit area and radial
force at the external boundary of the outer monolayer for three
different pressure differences at the ends of individual monolayers.
Note that given the monolayer thickness of 3 nm, the pressure
difference of 333 kPa corresponds to the tension difference of
1 dyne/cm (see Appendix). Even in the simulations with the greatest
pressure difference (1667 kPa) this corresponds to the tension
difference of 5 dyne/cm, thus clearly below the membrane rupture
threshold of ∼15 dyne/cm. The viscotic (magenta) and pressure
(purple) contributions to the radial force per unit area are also
shown for the simulation with the greatest pressure difference at the
monolayer ends (1667 kPa). The pressure contribution clearly
Fig. 6. (A) Radial normal stress peaks in the toroidal section on both sides of the pore neck, but is also positive (compressive) in its lower part and negative (extensive) in its upper
part, whereas in the planar section it gradually declines to zero for both monolayers. The radial normal stresses of two monolayers are similar throughout the fusion pore–planar
membranes complex. (B–D) The pressure difference at the ends of each monolayer affects the radial stress signiﬁcantly, whereas the changes of the viscosity and friction coefﬁcients
alter it only marginally. (E) The relationship between the maximal toroidal radial stress and the ratio of different parameters. The ratio of one indicates the simulation with the
pressure difference at the ends of monolayers of 333 kPa, viscosity coefﬁcient of 5⁎10−2 Pa s, and friction coefﬁcient of 5.0⁎108 Pas/m. All plots (except A) depict the radial normal
stress from the outer monolayer.
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that the radial force per unit area is in general close to zero in the
lower planar section, whereas in the upper planar section it is nearly
constant and high (how high it is depends on the pressure difference
at the ends of monolayers). Consequently the greater the external
pressure the greater the slope of the radial force vs. arc length
relationship (Fig. 10B). In contrast the viscosity and friction
coefﬁcients have no effect on the radial force (Fig. 10C–F). We also
calculated the total radial force at the external boundary of the outer
monolayer (the pressure difference at the ends of individual
monolayers was 333 kPa, the viscosity coefﬁcient was 5⁎10−2 Pa s
and the friction coefﬁcient was 5.0⁎108 Pa s) within a chosen
distance from the end at the plasma membrane (Fig. 10G). If the
fusion pore is associated with a large vesicle, and if the tension
difference between the vesicular and plasma membranes is main-tained the radial force will be signiﬁcant, but if the vesicle is small
the radial force will be much smaller.
Fig. 11A–C depicts the spatial distribution of the axial force at the
external boundary of the outer monolayer for different pressure
differences at the ends of individual monolayers and for different
viscosity and friction coefﬁcients. The axial force is much smaller than
radial force, but like radial force it depends on the pressure difference,
but not on the value of either viscosity or friction coefﬁcients.
3.6. Fusion pore dilatation
The fusion pore dilatation will change the balance of forces in the
fusion pore–membrane complex, and thus the variables determining
the lipid ﬂow, but howmuch will each variable change? Fig. 12 shows
the changes of lipid velocity, stress, forces and lipid mass ﬂow
Fig. 7. (A, B) Three-dimensional depiction of pressure (all dimensions are given in meters and pressure in Pascal; A — front view; B top view). (C) Pressure along the arc running
through themiddle of the inner and outer monolayers changes moderately in the planar sections, but rapidly in the toroidal section, whereas in the outer and the inner monolayers it
is different though not greatly. The pressure difference at the ends of each monolayer determines the pressure in the vesicular membrane, whereas in the plasma membrane the
pressure remains close to zero. (D, E) Neither the viscosity coefﬁcient nor friction coefﬁcient affects the pressure distribution proﬁles. (F) The pressure proﬁle depends on the pore
radius but only moderately.
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velocity rises (the maximal toroidal velocity, mean total velocity and
mean velocity estimated at the end of each monolayer; Fig. 12A). The
peak value of the shear stress in the toroid also rises, verymodestly forthe outer monolayer, but signiﬁcantly for the inner monolayer
surpassing the value in the outer monolayer when pore radius
increases beyond 4 nm (Fig. 12B). Both the total viscous and total
frictional dissipations increase approximately linearly with pore
Fig. 8. Viscous dissipation per unit volume distribution (A), and viscous dissipation distribution (B) along the arc running through the middle of the outer monolayer. Both
distributions have two peaks, each on one of the sides of the valleywhoseminimum is at the pore neck. Owing to the geometrical factors the viscous distribution is wider and extends
into the planar sections (see text). The pressure at the ends of themonolayers powerfully affects the viscous dissipation. (C, D) The viscous dissipation and the viscous dissipation per
unit volume diminish as the viscosity coefﬁcient rises. (E, F) Friction coefﬁcient does not affect the viscous dissipation (or viscous dissipation per unit volume). (G) Viscous
dissipation is signiﬁcantly greater in the outer than in inner monolayer. (H) The relationship between the maximal viscous dissipation and the ratio of different parameters. The ratio
of one indicates the simulation with the pressure difference at the ends of monolayers of 333 kPa, viscosity coefﬁcient of 5⁎10−2 Pa s, and friction coefﬁcient of 5.0⁎108 Pas/m. All
plots (except G) depict the viscous dissipation from the outer monolayer.
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monolayers combined is independent of even a large increase of
friction coefﬁcient, but such an increase renders the total frictional
dissipation much greater (Fig. 12C, D). The total radial force rises
linearly, but modestly as the pore radius increases (Fig. 12E). Finally
the dependence of the mass ﬂow on the pore radius is quite
pronounced and approximately linear, and its values are similar in
both monolayers (Fig. 12F).
4. Discussion
4.1. Lipid velocity and frictional dissipation
The starting point for better understanding of the effects of the
lipid ﬂow on stress, energy dissipation and force on the membraneis the estimation of the spatial distribution of lipid velocity — its
magnitude and its radial and axial components, because the spatial
distribution of these variables is determined by lipid velocity and its
proﬁle (see Methods). As suggested previously [14] the magnitude
of lipid velocity peaks at the fusion pore neck. Because the lipid
traverses a longer pathway in the outer than in the inner monolayer
the difference in magnitude of velocity between two monolayers is
also the greatest at the neck. Velocity magnitude diminishes as the
ﬂuid viscosity rises, but does not change even when its friction
coefﬁcient increases 100 times. This is not surprising given that the
ﬂuid velocities of the inner and outer monolayers near their
interface differ only at the neck of the toroid, even when the
friction coefﬁcient is low (5.0⁎108 Pas/m). The difference of the
velocity magnitude is largely due to the differences of the axial
velocity, which is conﬁned exclusively to the toroidal section, and is
Fig. 9. (A) Frictional dissipation per unit area distribution is conﬁned to the toroidal section, and has a sharp peak at the pore neck. (B) Frictional dissipation distribution is wider, but
only moderately (see text). The pressure difference at two ends of each monolayer inﬂuences greatly the frictional dissipation, which rises as the pressure difference increases. (C, D)
The viscosity coefﬁcient also has a strong effect on the frictional dissipation, but the relationship is inverse. (E, F) Increasing the friction coefﬁcient renders the frictional dissipation
moderately greater. (G) Comparison of the velocity magnitude proﬁles (estimated 0.1 nm away from the boundary between two monolayers on each side) illustrates why the
frictional dissipation has a very sharp peak at the pore neck. (H) The relationship between the maximal frictional dissipation and the ratio of different parameters. The ratio of one
indicates the simulation with the pressure difference at the ends of monolayers of 333 kPa, viscosity coefﬁcient of 5⁎10−2 Pa s, and friction coefﬁcient of 5.0⁎108 Pas/m. All plots
depict the frictional dissipation at the interface of two monolayers.
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the toroidal section, and its value is also the greatest (though
opposite in direction) on two sides from the neck, whereas in the
planar sections it diminishes, although not to zero even at the ends
owing to the conservation of mass. The difference of radial velocity
between two monolayers is comparatively small throughout the
fusion pore–planar section complex. Not only the maximal velocity
magnitude, but also the mean velocity (estimated at the end of each
monolayer or over the whole monolayer) rises as the pore dilates.
As a result the lipid mass ﬂow depends supra-linearly on the pore
radius. If mean lipid velocity had been independent of pore radius
the lipid mass ﬂow vs. pore radius relationship would have been
linear.Given the small dimensions of the fusion pore–membrane
complex and high lipid velocity gradients the viscous and frictional
dissipations could be high and need to be evaluated. The frictional
dissipation is physically attributed to the friction between the methyl-
terminal portions of the acyl chains of the phospholipids [31], and can
be further and signiﬁcantly increased by trans-membrane proteins.
The frictional dissipation is proportional by the squared lipid velocity
difference at the interface between two monolayers, and the friction
coefﬁcient has been measured as a mechanical force needed to pull
the leaﬂets of a bilayer so they slip past one another through a region
of high curvature [14,32,33]. Alternatively the bottom monolayer of a
membrane was ﬁxed to a glass substrate and the friction coefﬁcient
was deduced from the diffusion of tracer lipids in the top monolayer
Fig. 10. (A) Radial force per unit area distributions at the external boundary of the outer monolayer. The viscotic (magenta) and pressure (purple) contributions to the radial force per
unit surface area, for the simulation with the highest pressure difference at the ends of individual monolayers, are also shown for comparison. Note that the pressure contribution
clearly dominates. (B) Corresponding radial force distributions. Whereas the radial force remains zero in the lower (‘plasma membrane’) planar section irrespective of the pressure
difference at the ends of individual monolayers, it increases linearly with distance from the pore center in the upper (‘vesicular’) section, and the slope increases with the pressure
difference. (C–F) Neither the radial force per unit length nor radial force is affected by the changes of the viscosity or friction coefﬁcients. (G) Total radial force at the external
boundary of the outer monolayer. The abscissa gives the distance from the end of the plasma membrane. The pressure difference at the ends of individual monolayers was 333 kPa,
viscosity coefﬁcient was 5⁎10−2 Pa s and the friction coefﬁcient was 5.0⁎108 Pas/m.
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monolayer friction coefﬁcient is not necessarily the same in all tissues,
and is expected to be sensitive to the asymmetry of the phospholipids
tails, increasing as asymmetry and inter-digitation of the longer tails
of two membrane leaﬂets rise [17]. Finally, the friction between
monolayers converts the kinetic energy of sliding at the interface into
vibrations of phospholipids (translational or rotational) and into
thermal energy, although the detailed mechanisms of this process
remain unclear. The potential functional signiﬁcance of frictional (and
viscous dissipation) is to counterbalance the external force (tension or
pressure difference).
The frictional dissipation is proportional to the frictional coefﬁ-
cient and squared lipid velocity at the surface where two monolayers
slide past each other ([14]; see Appendix). It is thus not surprisingthat: a) it rises supra-linearly as the pressure difference increases
(lipid velocity rises linearly with pressure difference), b) a ten-fold
rise of the viscosity coefﬁcient leads to a hundred-fold decrease of the
frictional dissipation; the same change leads to the proportional (ten-
fold) reduction of the lipid velocity, and c) it rises linearly as the
friction coefﬁcient rises, although such a change has no effect on the
ﬂuid velocity, pressure, shear and normal stresses as well as viscous
dissipation. Under conditions expected to occur physiologically the
frictional dissipation is much smaller than the viscous dissipation, but
it rises (approximately linearly) but signiﬁcantly as the pore radius
increases. Finally, note that in the previous theoretical and largely
analytical study, it was assumed that in the planar section the
membranes do not slide past each other, and that thus there the
frictional dissipation is zero [14]. This study conﬁrms the validity of
Fig. 11. (A) Axial force, which is much smaller than the radial force, is conﬁned to the
toroidal section. Note that in the lower part of the toroidal section it is very small but
positive, whereas in the upper part it is greater but negative. The axial force depends on
the pressure difference at the ends of individual monolayers. (B, C) Altering the
viscosity or friction coefﬁcients has no effect on the axial force.
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dissipation is not only conﬁned to the toroidal section, but is within
the toroid highly localized at the pore neck.
4.2. Normal and shear stresses
The spatial distribution of the normal stress tells us where the
membrane may compress or extend (i.e. where its volume will
change), and the compression–extensions in radial and axial direc-
tions are both of interest. The radial normal stress is localized largely
in the toroidal section, and the values in two monolayers are similar.
The axial normal stress is however conﬁned exclusively at the neck of
the toroidal section, and it is typically greater in the outer monolayer.
The localization of the normal stress is not surprising given the
geometry of the fusion pore and deﬁnition of the normal stress (axial
and radial; see Methods). The shear stress suggests where the
membrane will deform without changing the volume. The shear
stress changes rapidly in the toroidal section, and is zero at the pore
neck, which is positioned parallel to the axis of symmetry, and where
an element of the membrane volume does not deform. Moving from
the pore center the shear stress rapidly rises, forming two peaks,
which are placed symmetrically from the central point of no
dissipation and diminishes to zero value in the planar membrane.
Their locus of the shear peaks is determined from the interplay of
shear deformation caused by the radial and angular positioning of a
membrane volume element. The shear and normal (axial and radial)
stresses are all controlled by the pressure difference, whereas the
changes of the viscosity and frictional coefﬁcients have only a minimal
effect.4.3. Viscous dissipation
The viscous dissipation per unit volume gives the rate at which
mechanical energy is converted into heat. Viscous dissipation effects
are signiﬁcant when ﬂuid velocity is high and ﬂows are highly viscous.
In macrosize systems this issue does not become serious frequently,
but in nanosize systems such as the fusion pore–membrane complex
the ﬂuid velocity and its gradients become elevated easily. It is thus
not surprising that in the toroidal section, where the lipid velocity and
its gradients (which determine the viscous dissipation; see Appen-
dix), are also the greatest the viscous dissipation is pronounced. The
distribution of the viscous dissipation is wider, because the volume for
which the viscous dissipation is calculated increases as the distance
from the fusion pore center rises. How large the viscous dissipation is,
is controlled by the pressure difference and by the viscosity
coefﬁcient, which reﬂects molecular interactions within individual
monolayer [31]. The viscosity coefﬁcient depends on whether the
membrane is a cell membrane or a lipid bilayer. One critical element
appears to be the combined lengths of the two lipid tails, rather than
their asymmetry [15]. The coefﬁcient may also depend on a variety of
physiological conditions. Addition of cholesterol and/or lower
temperature, which increases the ordering of the lipids and slows
the lateral diffusion [35,36], also renders the viscosity coefﬁcient
higher. We thus evaluated the dynamics of the lipid ﬂow over a range
of viscosity coefﬁcients. Raising the viscosity coefﬁcient leads to a
proportional reduction of the lipid velocity and of the viscous
dissipation. Note however, that the addition of cholesterol changes
the membrane curvature [37], and that is not included in our
simulations. Such an effect would change the lipid velocity and
other variables determined by the lipid velocity. Finally note that both
viscous and frictional dissipations, which counterbalance the external
force (tension or pressure difference), would also affect the rate of
membrane deformation and its recovery promoted by the elastic
restoring forces in the membrane.
4.4. Pressure and force acting on the fusion pore–membrane complex
Difference in tension between vesicular and plasma membranes is
simulated as a difference in pressure at two ends of each monolayer,
using the relationship between the tension and pressure as given
previously ([40]; see Appendix). The pressure difference is the driving
force causing the lipid ﬂow and has a major effect on all variables. Its
spatial proﬁle is simple. The pressure, which is similar in two
monolayers, changes only modestly in the planar sections, whereas
in the toroidal section the change is rapid. More importantly the
pressure is near zero in the lower planar section (‘plasma mem-
brane’), and high in the upper planar section (‘vesicular membrane’),
but how high it is depends on the pressure difference at the ends of
the monolayers.
The radial force determines how much and how rapidly the fusion
pore will dilate. The radial force per unit area is close to zero in the
lower planar section (‘plasma membrane’), rises rapidly in the
toroidal section to a new value, which remains essentially constant
in the upper planar section (‘vesicular membrane’), and is largely
determined by pressure difference at the ends of the monolayers. As a
consequence the radial force, which is also essentially zero in the
plasma membrane, rises linearly with distance from the fusion pore
center in the vesicular membrane. These simulations thus demon-
strate that following the fusion of the vesicular and plasma
membranes the vesicular membrane will dilate whereas the plasma
membrane will remain unaffected. The axial force, which is much
smaller than radial force, is near zero value in plasma and vesicular
membrane sections, but in the toroidal section it is negative in the
lower and positive in the upper section. The fusion pore should thus
dilate only radially whilst the axial dilatation should be only marginal.
Finally note that assuming that the vesicular membrane tension is
Fig.12. Fusion pore dilatation altersmany, but not all variables determining the lipid ﬂow. (A) Themaximal toroidal velocity magnitude, which is greater in the outermonolayer, rises
approximately linearly as the pore dilates. Mean velocity magnitude at the end of individual monolayers and mean total velocity magnitude (averaged over the whole volume of each
monolayer) also rise linearly with pore dilatation. (B) The peak value of the shear stress in the toroid rises modestly in the outer monolayer but more so in the inner monolayer. (C)
Total viscous dissipation, which is greater in the outer monolayer, rises approximately linearly with dilatation and is not affected even by great increases of the frictional coefﬁcient μf.
(D) Total frictional dissipation, which increases as the pore dilates, is only a small fraction of the total viscous dissipation at ‘physiological’ level of the frictional coefﬁcient
(μf=5⁎109 Pa s/m), but increases markedly as μf rises. (E) Total radial force rises but only modestly with dilatation. (F) Lipid mass ﬂow increases supra-linearly with dilatation
owing to the greater velocity in wider pores (see text). The lipid mass ﬂow is only marginally greater in the outer monolayer and only when the pore is wide.
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pores of wider radius, although not greatly. They would thus open
faster and release their content faster and this may also selectively
increase their probability of release. This could serve as a compensa-
tory mechanism. If all vesicles irrespective of their size had the same
fusion pore radius the larger vesicles would release their content
much more slowly owing to the less favorable ratio of the cross-
sectional area of the fusion pore and the total surface area of vesicle
[39].
4.5. Future directions
This study is based on the assumption that the lipid is
homogeneous and isotropic. The monolayer is however, not asimple bulk liquid because within the monolayer the lipids are
straightened, oriented, and ordered. Nevertheless the radial force
(and thus pore dilation) is unlikely to be affected by the anisotropy,
which is signiﬁcant only in the upper membrane section (‘vesicular
membrane’), and which is planar. However, such an anisotropy may
have other effects and a detailed study is needed to assess what
they are. Finally this study evaluates only the stationary lipid ﬂow
and the stresses and forces generated by the tension difference
between the vesicular and plasma membranes. It would be highly
desirable to expand its scope with time-dependent simulations, and
also by determining the membrane deformation [38], which results
from the pressure difference that produces the lipid ﬂow and
generates the stresses and forces acting on the fusion pore–
membrane complex.
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We simulated the stationary convective ﬂux of lipid through a
fusionpore connecting twoplanarmembranes underdifferent tensions
using methods of computational ﬂuid dynamics to estimate the lipid
velocity, shear and normal stresses, viscous and frictional dissipations
in themembrane and forces acting on the fusion pore during secretion.
The pressure difference at the ends of individualmonolayers drives the
lipid ﬂow, determines lipid velocity and velocity dependent variables
(shear as well as normal axial and radial stresses), and contributes
directly to the force on themembranes critically inﬂuencingwhere and
to what extent the membrane will deform, extend or dilate. The radial
force,which indicateswhether and if sowhere themembrane porewill
dilate, is very low in the plasma membrane, but can be large in the
vesicular membrane. The radial force increases linearly with the
distance from the pore center and is thus greater for larger vesicles, but
increases only marginally with pore dilatation.
Appendix
System equations
We consider the system in 2D r–z plane of the cylindrical
coordinate system ignoring the velocity and its gradient in θ direction.
The simpliﬁed Navier–Stokes equation in terms of components of the
stress tensor τ thus reads as follows:
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where u and v are the r- and z-components of the ﬂuid velocity,
respectively. τij are the ij-th components of the viscous stress tensor τ,
which for Newtonian ﬂuids in 2D r–z plane (of the cylindrical
coordinate system) are deﬁned as:
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With substitution of the components of the stress tensor, Eqs. 5–8,
into the Eqs. 3–4 and constant ρ and μ, we will reach to Eqs. 9–10
describing the Navier–Stokes equation in terms of velocity gradients,
which are computationally friendly.
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ð10ÞForce on fusion pore membrane
The z-axis is considered as the axis of symmetry, and therefore the
transient Navier–Stokes equation of motion in the absence of external
forces can be rearranged as:
rρ
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where r is the distance from z-axis, ρ is the ﬂuid density, u=(ur,uz)=
(u,v) is the velocity vector, τ, and F are the viscous stress tensor and
the total force acting on a control volume, respectively. Their compact
matrix notations are as follows:
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The force is calculated from the total stress tensor (T), which
comprises the pressure and viscous stress tensor as the following:
T=−pI+ τ ð13Þ
where I is the unity tensor. The total force acting on surfaces of the
monolayers is then given by the following equation:
Fi =lTijdSj ð14Þ
where the component Tij of the total stress tensor is the i-th
component of the force applied to a unit area perpendicular to the xj
axis.
Viscous and frictional dissipations
The viscous dissipation per unit volume is written as μϕv=τ:▿u
where ϕv for a Newtonian ﬂuid is given below in the cylindrical
coordinate system.
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Note that Eq. (15) is derived assuming that the velocity and its
gradient in the θ-direction are zero.
Energy dissipation due to friction, ėf, at the interface between two
sliding lipid monolayers is given as described previously [14]:
:
ef = μ f
R
Δuð Þ2dS ð16Þ
where Δu is the velocity difference along the interfacial surface, S,
between two monolayers that slide past each other.
All simulations were done using a commercial ﬁnite element
method (FEM) program Comsol 3.4 (Comsol, Burlington, MA, USA),
whereas the post-processing was performed using Matlab (Math-
Works, Natick, MA, USA) a software package for scientiﬁc and
engineering computing. All graphics were madewith Origin (Microcal
Software, Northampton, MA, USA).
Tension difference is simulated as pressure difference
As already stated each monolayer is considered as an incompres-
sible ﬂuid and is simulated using Navier–Stokes equations deﬁned in
terms of ﬂuid velocity and pressure. Notice however, that the external
force – the pressure difference at the ends of each monolayer – is
calculated from the experimentally measured tension difference of
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Laplace's Law as follows [40]:
γ =
Z h2
h1
PN nð Þ−PT nð Þ½ dn ð17Þ
where γ is the surface tension of the lipid bilayer with the thickness
h=h2−h1 and n is normal to the surface. PN and PT are respectively
the normal and tangential components of pressure to the surface. If we
consider the surface at the mechanical equilibrium and assuming
PN=P0 and equal to the constant atmospheric pressure, the above
equation becomes:
γ =
Z h2
h1
P0−PT nð Þ½ dn: ð18Þ
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